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I. INTRODUCTION 
 
Let H(U) denote the class of  functions analytic in the 
unit disc 
{} :1 Uz z =∈ <   . 
For 
* n∈   and a∈ , let 
H [,] an=  
{f ∈H }
1
1 () :( ) . . . ,
nn
nn Uf za a za z z U
+
+ =+ + + ∈ . 
. 
Let  A(,) kn denote the class of functions of the form 
()
kk j
kj
jn
f zz az
∞
+
+
=
=+ ∑ ,  zU ∈ ,  , kn ∈  . 
In particular, for  1 k = , we set A(1, ) n =An  which is a 
class of all normalized analytic functions in U. 
The general theory of differential subordinations was 
introduced by S.S. Miller and P. T. Mocanu [10]. S.S. 
Miller and P. T. Mocanu [13] introduced the following 
notion of differential superordination, as the dual concept 
of differential subordination.  
Recall the concepts of superordination and 
subordination. Let  () f z  and  () F z  be members of H (U) 
and let  () F z  be univalent in U.  The function   () F z   is 
said to be superordinate to () f z , or   () f z   is subordinate 
to   () F z , if there exists a function  () wz analytic in U, 
with  (0) 0 w =  and  () 1 wz < ,  zU ∈ , and such that 
() () () f zF w z = . In such a case we write () () f zF z ≺ . If  
() F z   is univalent, then  () () f zF z ≺  if and only if 
(0) (0) fF =  and  () () f UF U ⊂  [13]. 
Let  β  and γ  be complex numbers, let  2 Ω  and  2 Δ  be 
sets in the complex plane, and let  p  be analytic in the unit 
disc U.   In a series of articles the authors and many others 
[3] have determined conditions so that 
2
'( )
() ,
()
zp z
pz z U
pz βγ
⎧⎫
+ ∈⊂ Ω ⎨⎬
+ ⎩⎭
⇒ ( ) 2 pU ⊂Δ    (1) 
The differential operator on the left is known as the 
Briot-Bouquet differential operator. The main concern in 
this subject has been to find the smallest set  2 Δ  in    for 
which (1) holds [14].  
In [14] the authors consider the dual problem of 
determining conditions so that 
1
'( )
() ,
()
zp z
pz z U
pz βγ
⎧ ⎫
Ω⊂ + ∈ ⎨ ⎬
+ ⎩⎭
⇒ ( ) 1 pU Δ⊂   (2) 
In particular, we are interested in determining the largest 
set  1 Δ  in for which (2) holds.  
If the sets Ω  and Δ  in (1) and (2) are simply connected 
domains not equal  to   , then it is possible to rephrase 
these expressions very neatly in terms of subordination in 
the forms: 
2
'( )
() ()
()
zp z
pz h z
pz βγ
+
+
≺ ⇒ () 2() pz q z ≺         (3) 
1
'( )
() ()
()
zp z
hz p z
pz β γ
+
+
≺ ⇒ ( ) 1() qz pz ≺         (4) 
 
The left side of (3) is called a Briot-Bouquet differential 
subordination, and the function  2 q  is called a dominant of 
the differential subordination. The best dominant which 
provides a sharp result, is the dominant that is subordinate 
to all other dominants [13]. 
In paper [12] the authors introduced the dual concept of 
a differential superordination. In light of those results we 
call the side of (4) a Briot-Bouquet differential 
superordination, and the function  1 q  is called a 
subordinant of the differential superordination.  
The best subordinant, which provides a sharp result is 
the subordinant which is superordinate to all other 
subordinants. 
In [12] the autors combine (3) and (4) and obtain a 
conditions so that the Briot-Bouquet sandwich   
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12
'( )
() () ()
()
zp z
hz p z hz
pz βγ
+
+
≺≺ ⇒  
() 12 () () qz pz qz ≺≺                   (5) 
 
II. PRELIMINARIES 
 
For our present investigation, we shall need the 
following definitions and results. 
 
Definition 1[11]: Let Q  denote the set of functions  q  
that are analytic and injective on the set  () \ UE q , where 
() () {} :lim
z Eq U qz
ζ ζ
→ =∈ ∂ = ∞ , 
and are such that  () '0 q ζ ≠  for  () \ UE q ζ ∈∂ . Let  E(q) 
is called exception set. Denote by Q (a) the subclass Q  for 
which  (0) qa = . 
 
Lemma 1 [11]: Let q∈Hu(U) and let θ  and φ  be 
analytic in domain D containg  () qU , with  () 0 w φ ≠ , 
when  () wq U ∈ . Set 
( ) () ' () () Qz z q z qz φ = ,                        (6) 
() () () () hz qz Qz θ =+                          (7) 
and suppose that either:  
a) h is convex or Q is starlike,                                          (8) 
b) ()
()
'( ) '( ) '( )
Re Re 0
() () ()
qz zh z zQ z
Qz qz Qz
θ
φ
⎡⎤
=+ > ⎢⎥
⎢⎥ ⎣⎦
, zU ∈ .       (9) 
If  p∈H(U),  with  p(0) = q(0),  () pU D ⊂  and 
() () () () () ' () () () ' () () pz zp z pz qz z q z qz θφ θ φ ++ ≺  (10) 
then  
() () pz qz ≺ , 
and q is the best dominant. 
 
Lemma 2 [2]: Let q∈Hu(U) and let ϑ  and ϕ  be 
analytic in domain D containg  () qU . Set 
() () ' () () zz q zq z ξϕ =  and suppose that either:  
a) ξ  is starlike,                                                              (11) 
b)  ()
()
'( )
Re 0
()
qz
qz
ϑ
ϕ
> ,  zU ∈ .                                           (12) 
If  p∈H[( 0 ) , 1 ] qQ ∩ , with  p(0) = q(0),  () pU D ⊂  and 
() () () ' () () pz zp z pz ϑϕ +  is univalent in U,  and 
( ) ( ) ( ) ( ) () ' () () () ' () () qz z q z qz pz zp z pz ϑϕ ϑ ϕ ++ ≺ (13) 
then  
() () qz pz ≺ , 
and q is the best dominant. 
Lemma 3 [17]: Let  () qzbe univalent in U with  (0) 1 q = . 
Let  α ∈  ,  γ
∗ ∈  , further assume that 
()
Re 1 max 0,Re
()
zq z
qz
α
γ
⎧ ⎫ ′′ ⎡⎤ ⎡⎤
+> ⎨ ⎬ ⎢⎥ ⎢⎥ ′ ⎣⎦ ⎣⎦ ⎩⎭
. If  () pz is analytic in 
U, and  
() ' () () ' () pz zp z qz z q z αγ α γ + + ≺ ,      (14) 
then  () () pz gz ≺ , and q is the best dominant. 
 
Lemma 4 [17]: Let  () qzbe convex univalent in U with 
(0) 1 q = . Let α ∈  ,  γ
∗ ∈  , further assume that 
Re 0
α
γ
⎡⎤
> ⎢⎥
⎣⎦
. If  p∈H[( 0 ) , 1 ] qQ ∩ ,  () ' () pz zp z α γ +  is 
analytic in U, and  
() ' () () ' () qz z q z pz zp z α γα γ + + ≺ ,      (15) 
then  () () qz pz ≺ , and q is the best subordinant 
 
III. MAIN RESULTATS 
 
Theorem 1: Let  f ∈A(,) kn,  k ∈  ,  0 γ >  and  0 α > . 
Let the function q is convex in U and assume that the 
function q satisfies the relation:  
()
Re 1 0
()
zq z
qz
α
γ
′′ ⎡⎤
++> ⎢⎥ ′ ⎣⎦
.                   (16) 
If 
1
1
() () ()
(1 )
()
() ,
kk k
f zf z f z
k
zz z
zq z
qz
α α
γγ
γ
α
−
−
′ ⎛⎞ ⎛⎞ +− ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
′
+ ≺
          (17) 
then 
()
() k
fz
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best dominant. 
Proof.  We define the function 
()
() k
f z
pz
z
α
⎛⎞ = ⎜⎟
⎝⎠
. If we 
derive the function p with respect to z and performing the 
calculations, we obtain: 
1 1
2
() () ()
()
kk
kk
fz zf z k z fz
pz
zz
α
α
− − ′ − ⎛⎞ ′ = ⇒ ⎜⎟
⎝⎠
 
1
1
() () ()
() kk k
fz f z fz
zp z k
zz z
α α
αα
−
−
′ ⎛⎞ ⎛⎞ ′ =− ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
⇒   
1
1
() () ()
()
()
(1 ) (18)
kk
k
zp z f z f z
pz
zz
fz
k
z
α
α
γ
γ
α
γ
−
−
′′ ⎛⎞ += + ⎜⎟
⎝⎠
⎛⎞ +− ⎜⎟
⎝⎠
             
From relations  (17) and  (18) we have:   
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() ()
() ()
zp z zq z
pz qz
γγ
αα
′′
++ ≺ . 
If we consider the lemma 1 the functions  () ww θ =  and  
() w
γ
φ
α
= , then we have: 
( ) () () qz qz θ = ,  
() () qz
γ
φ
α
= , 
()
()
() ' () ()
zq z
Qz z q z qz
γ
φ
α
′
== , 
()
()
() () () ()
zq z
hz qz Qz qz
γ
θ
α
′
=+ = + . 
We must prove the conditions (8) and (9) of lemma 1.  
Since the function q is convex in U,  0 γ >  and  0 α > , 
then  
()
()
zq z
Qz
γ
α
′
=  is starlike. Thus condition (8) is 
satisfied. 
Differentiating the function h with respect to z, performing 
calculations and using equation (16), we obtain: 
'( ) ( )
Re Re 1 0
() ()
zh z zq z
Qz q z
α
γ
′′ ⎡⎤
=+ + > ⎢⎥ ′ ⎣⎦
. 
Therefore condition (9) is satisfied. So theorem 1 is 
demonstrated. 
 
Theorem 2: Let  f ∈A(,) kn,  k ∈  . Let the function q is 
convex in U and let  
()
k
fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H  [( 0 ) , 1 ] q ∩ Q,  0 γ >  
and  0 α >  . Let   
1
1
() () ()
(1 ) kk k
f zf z f z
k
zz z
α α
γγ
−
−
′ ⎛⎞ ⎛⎞ +− ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
           (19) 
is univalent in U . Suppose that the function q satisfies the 
condition: 
()
Re 0
qz γ
α
′ ⎡⎤ > ⎢⎥ ⎣⎦
.                         (20) 
If  
1
1
() () ()
()
()
(1 ) (21)
kk
k
zq z f z f z
qz
zz
fz
k
z
α
α
γ
γ
α
γ
−
−
′′ ⎛⎞ ++ ⎜⎟
⎝⎠
⎛⎞ +− ⎜⎟
⎝⎠
≺
 
then 
()
() k
f z
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best subordinant. 
Proof.  If we define the function 
()
() k
f z
pz
z
α
⎛⎞ = ⎜⎟
⎝⎠
 and 
performing calculations we obtain from equation  (18) in 
the proof of theorem 1. 
From the relations  (18) and  (21) we have:  
() ()
() ()
zq z zp z
qz pz
γγ
αα
′ ′
++ ≺ . 
If we consider the lemma 2 the functions  () ww ϑ = , 
() w
γ
ϕ
α
= , then we have: 
( ) () () qz qz ϑ = ,                            (22) 
() () qz
γ
ϕ
α
= , 
()
()
() ' () ()
zq z
zz q zq z
γ
ξϕ
α
′
== . 
We must prove the conditions (11) and (12) the lemma 2. 
Since the function q is convex in U,  0 γ >  and  0 α > , 
then  
()
()
zq z
z
γ
ξ
α
′
=  is starlike. Thus condition (11) is 
satisfied. 
If we derive the function  ϑ  with respect to z, perform 
calculations and considering the relationship  (20), then we 
get: 
( )
()
'( ) ()
Re Re 0
()
qz qz
qz
ϑ γ
ϕα
′ ⎡⎤ => ⎢⎥ ⎣⎦
. 
Therefor the condition (12) is satisfied. Thus, we obtain 
the desired result. 
 
Of the theorems 1 and 2  we get the following sandwich 
theorem 3. 
 
Theorem 3: Let  f ∈A(,) kn,k∈  , 0 γ > ,  0 α >  and     
()
k
fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H  [( 0 ) , 1 ] q ∩ Q. Let  the function (19)  is 
univalent in U . Let the functions  1 q  and  2 q  are convex in 
U. Suppose that the functions   1 q  satisfy the relation  (20) 
and  2 q  satisfy the relation  (16).  
If  
1
1
1 1
2
2
() () () ()
() ( 1 )
()
() ,
kk k
zq z fz f z fz
qz k
zz z
zq z
qz
αα γ
γγ
α
γ
α
−
−
′ ′ ⎛⎞ ⎛⎞ ++ − ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
′
+
≺≺
≺
then 
12
()
() () k
fz
qz qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺≺  
and  1 q is the best subordinant, and  2 q  is the best 
dominant.  
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If we consider the particular case  1 k = , then we have: 
 
Theorem 4: Let f ∈An,  0 γ >  and  0 α > . Let the 
function  q  be convex in U and assume that the function q 
satisfies   the relation (16).  
If 
1
() () ()
() ( 1 ) ()
f zf z z q z
fz q z
zz
αα γ
γγ
α
− ′ ⎛⎞ ⎛⎞ ′ +− + ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
≺ , 
then 
()
()
fz
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q  is the best dominant. 
 
Theorem 5: Let  f ∈An,  0 γ > ,  0 α >  and 
() fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H[( 0 ) , 1 ] q ∩ Q. Let the function q be convex in  
U . Let   
1
() ()
() ( 1 )
f zf z
fz
zz
α α
γγ
−
⎛⎞ ⎛⎞ ′ +− ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
        (23) 
is univalent in U . Suppose that the function q satisfies the 
relation (19).  
If  
1 () () ()
() () ( 1 )
zq z f z f z
qz f z
zz
α α γ
γγ
α
− ′ ⎛⎞ ⎛⎞ ′ ++ − ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
≺ , 
then 
()
()
f z
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best subordinant. 
 
Of the theorems 4 and 5  we get the following sandwich 
theorem 6. 
 
Theorem 6: Let  f ∈An,  0 γ > ,  0 α >  and 
() fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H[( 0 ) , 1 ] q ∩ Q. Let the function (23)  is 
univalent in U . Let the functions  1 q  and  2 q  are convex in 
U. Suppose that the functions   1 q  satisfy the relation  (19)  
and  2 q  satisface relaţia  (16).  
If  
1
1
1
2
2
()
()
() ()
() ( 1 )
()
() ,
zq z
qz
fz fz
fz
zz
zq z
qz
αα
γ
α
γγ
γ
α
−
′
+
⎛⎞ ⎛⎞ ′ +− ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠
′
+
≺
≺≺
≺
 
then 
12
()
() ()
fz
qz qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺≺  
and  1 q is the best subordinant, and  2 q  is the best 
dominant. 
 
By using the function 
()
k
f z
z
α
⎛⎞
⎜⎟
⎝⎠
 in article [10], we 
obtained results: 
 
Theorem 7 [10]: Let  f ∈A(,) kn,  k ∈   and  0 α > . Let 
the function q is convex in U and assume that satisfies the 
relations : 
Re ( ) qz β >                            (24) 
and 
()
Re ( ) 1 0
()
zq z
qz
qz
β
′′ ⎡⎤
+− + > ⎢⎥ ′ ⎣⎦
.           (25) 
If 
21
1
2
1( ) ( ) ( )( )
()
2
()
() ()
2
kk k k
fz fz f z fz
k
zz z z
qz
qz z q z
αα α
αβ α
β
−
−
′ ⎛⎞ ⎛⎞ ⎛⎞ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
′ −+
≺
≺
 
then 
()
() k
fz
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best dominant. 
 
Theorem 8 [10]:  Let  f ∈A(,) kn,  k ∈   ,  0 α >  and 
()
k
fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H [( 0 ) , 1 ] q ∩ Q. Let   
21
1
1( ) ( ) ( )( )
()
2
kk k k
fz fz f z fz
k
zz z z
αα α
αβ α
−
−
′ ⎛⎞ ⎛⎞ ⎛⎞ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
(26) 
is univalent in U. Let the function q is convex in U and 
assume that satisfies the relations (24) and 
 
[ ] R e () () () 0 qzq z q z β ′′ −> .                (27) 
 
If  
2
21
1
()
() ()
2
1( ) ( ) ( )( )
()
2
kk k k
qz
qz z q z
fz fz f z fz
k
zz z z
αα α
β
αβ α
−
−
′ −+
′ ⎛⎞ ⎛⎞ ⎛⎞ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
≺
≺
then 
()
() k
f z
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best subordinant. 
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Of the theorems 7 and 8  we get the following sandwich 
theorem 9. 
Theorem 9 [10]: Let  f ∈A(,) kn,  k ∈  ,  0 γ > ,  0 α > , 
and 
()
k
fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H  [( 0 ) , 1 ] q ∩ Q . Let  the function (26) is 
univalent in U . Let the functions  1 q  and  2 q  are  convex in 
U. Suppose that the functions   1 q  satisfy the relations  (24)  
and (27) and  2 q  satisfy the relations  (24)  and (25).  
If  
2
1
11
21
1
2
2
22
()
() ()
2
1( ) ( ) ( )( )
()
2
()
() () ,
2
kk k k
qz
qz z qz
fz fz f z fz
k
zz z z
qz
qz z qz
αα α
β
αβ α
β
−
−
′ −+
′ ⎛⎞ ⎛⎞ ⎛⎞ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
′ −+
≺
≺≺
≺
 
then 
12
()
() () k
fz
qz qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺≺  
and  1 q is the best subordinant, and  2 q  is the best 
dominant. 
 
If we consider the particular case  1 k = , then we have: 
 
Theorem 7 [10]: Let  f ∈An  and  0 α > . Let the function 
q is convex in U and assume that satisfies the relations 
(24) and (25). 
If 
21
2
1( ) ( ) ( )
() ( )
2
()
() ()
2
fz fz fz
fz
zz z
qz
qz z q z
ααα
αβ α
β
−
⎛⎞ ⎛⎞ ⎛⎞ ′ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
′ −+
≺
≺
 
then 
()
()
fz
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best dominant. 
 
Theorem 8 [10]: Let  f ∈An, 
() fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H [( 0 ) , 1 ] q ∩ Q  
and  0 α > . Let   
21
1( ) ( ) ( )
() ( )
2
fz fz fz
fz
zz z
ααα
αβ α
−
⎛⎞ ⎛⎞ ⎛⎞ ′ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
 (28) 
is univalent in U. Let the function q is convex in U and 
assume that satisfies the relations (24) and (27). 
 
 
 
 
 
If  
2
21
()
() ()
2
1( ) ( ) ( )
() ( )
2
qz
qz z q z
fz fz fz
fz
zz z
ααα
β
αβ α
−
′ −+
⎛⎞ ⎛⎞ ⎛⎞ ′ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
≺
≺
 
then 
()
()
f z
qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺  
and q is the best subordinant. 
 
Of the  theorems 7 and 8  we get the following sandwich 
theorem 9. 
 
Theorem 9 [10]:  Let  f ∈An,,  0 γ > ,  0 α > , and 
() fz
z
α
⎛⎞ ∈ ⎜⎟
⎝⎠
H  [( 0 ) , 1 ] q ∩ Q . Let  the function (28)  is 
univalent in U . Let the functions  1 q  and  2 q  are  convex in 
U. Suppose that the functions   1 q  satisfy the relations  (24)  
and (27) and  2 q  satisfy the relations  (24)  and (25). If  
2
1
11
21
2
2
22
()
() ()
2
1( ) ( ) ( )
() ( )
2
()
() () ,
2
qz
qz z qz
fz fz fz
fz
zz z
qz
qz z qz
ααα
β
αβ α
β
−
′ −+
⎛⎞ ⎛⎞ ⎛⎞ ′ −+ + ⎜⎟ ⎜⎟ ⎜⎟
⎝⎠ ⎝⎠ ⎝⎠
′ −+
≺
≺≺
≺
 
then 
12
()
() () k
fz
qz qz
z
α
⎛⎞
⎜⎟
⎝⎠
≺≺  
and  1 q  is the best subordinant, and  2 q  is the best 
dominant. 
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